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SUMMARY

This paper deals with the determination of stresses in an infinite medium containing an external crack
surrounding a cylindrical inclusion. The two media are assumed to be homogeneous, isotropic and elastic but
with different elastic constants. The continuity of stresses and displacements is assumed at the common
cylindrical surface due to perfect bonding. The problem is reduced to the solution of a Fredholm integral
equation of the second kind. A closed-form expression is obtained for the stress-intensity factor. The integral
equation is solved numerically and the results are used to obtain the numerical values of the stress-intensity
factor which are displayed graphically.

1. Introduction

In recent years considerable effort has been devoted to the problem of calculating stresses in
infinite and semi-infinite solids, thick plates and infinitely long cylinders containing penny-
shaped or external cracks. Adequate references to this type of work may be found in Sneddon
and Lowengrub [1] and Kassir and Sih [2]. Recently Srivastav and Lee [3] solved axisymmetric
crack problems for media with a cylindrical cavity.

In this paper we discuss the problem of determination of stresses in an infinite medium
containing an external crack surrounding a circular cylindrical inclusion. The crack is assumed
to be in a plane (z = 0) normal to the axis of the cylinder (z-axis). The cylinder is assumed to be
in perfect bond with the infinite medium surrounding it. The elastic constants of the two media
are assumed to be different. The crack surfaces are subjected to a normal loading. By assuming
suitable solutions of the equilibrium equations for the two regions, the problem is reduced to
the solution of dual integral equations. The dual integral equations are further reduced to a
single Fredholm integral equation of the second kind which is amenable to numerical solution.
Solving the Fredholm integral equation numerically, the numerical values of the stress-intensity
factor are obtained and then displayed graphically.

+ The authors thank the National Research Council of Canada for supporting this research through NRC
Grant No. A4177.
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2. Fundamental equations

We denote the region containing the infinite space b <r < oo, —00 <z < oo by L; and the region
containing the cylindrical inclusion 0 < r < b, —o0 < z < o0 by L,. For a symmetrical
deformation the displacement vector is denoted by [t(r, 2), 0, u (r, z)] and the stress tensor is
denoted by [¢},, o5y, ¢';, 0),] and y; and v; denote the shear modulus and Poisson ratio
respectively of the region L; (i = 1,2). From Sneddon ([4], p. 505), we find that a solution of
the equations of elastic equilibrium in the axially symmetric case is given by

1 2%V
u,(r,z)=— —

1 otV
— == |2 2y 1
W ez’ u,(r,z)= 2 |:(1 -4V o 2:’ (1)

where F(r, z) is an axisymmetric biharmonic function. The stress components can easily be
determined from the stress-strain relations. We have

i) %V %V
0, (r,z)= > {:VZV— aﬂi]’ 0,,(r,z)= —[1— 2y — - 2:| )
al , 1 v d 4
= — Vo - — =— |Q-nV2r - —
Ggolr,2) az“vv - ar:',a"(r,z) azlE vV azzjl,

where u and v are shear modulus and Poisson ratio respectively.
A suitable biharmonic function for the region L, can be taken as

Vi, z)= —2u1f “3F)2v, +sz]le 2Ty (sr)ds
3)
——2#1[ “2[{A(s)—4(1 -v,)B(s)} Ko (sr) —srB(s) K, (sr)]sin (sz) ds

where F(s), A(s) and B(s) are unknown functions to be determined and J,( ) and K,( )
denote the Bessel function of the first kind and the modified Bessel function of the second kind
respectively and of order p > 0. The components of the displacement vector and of the stress
tensor for the region L, can be obtained with the help of equations (1), (2) and (3) as follows:

o ]
u,l (r,z) =f0 5 (sz + 2w, — 1)F(s)J,(rs)e "% ds

+f : (=K, (rs)A(s) + [4(1 =0, K 1 (rs) + rsK o (rs)1 B(s)} cos (52)ds,

uzl (r,z) =f: % (2 — 2w, +52)F(s)Jo(rs)e **ds
+ f : [—Ko(rs)A(s) + rsK, (rs)B(s)] sin (sz) ds,
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1

Orr J1(s)
O =“{: &4 +52)Jo(rs) + (1 — 2, —s52) }

21y rs

F(s)e~%ds + i— f: 4K, () + 75K ()] A (5)

—[(4 —4vy +r3sH)K(rs) + (3 — 2v, ) rsK o (rs)] B (5)} cos (sz) ds,

fl = f: (1 +52)F(s)Jo (rs)e 2 ds — f: s{A(s)Ko(rs)
+[2v,Ko(rs) — rsK 1 (r5)]B(s)} cos (sz) ds,

1

Z:l =— zf: sF(s)J, (rs)e "% ds +f: s{K; (r)A(s)

—[2(1 —vy)K, (rs) + rsK 4 (rs)) B(s)}sin (sz)ds. 4)

Making use of the following biharmonic function (see [1], p. 195) for the region L,
Vo(r,z)= —2u2f: s24[C(s)+4(1 —vy)D(s) o (sr) —srD(s) I, (sr)} sin(sz) ds, %)
we find the following expressions for the displacement and stress components for the regionL, :

ul(r,z) =f: 4, (r5)C(s) + [4(1 —wu ), (rs) sl (rs)]D(s)} cos (s2) ds,

u: (r,z) =f: [rsI;(rs)D(s) — Iy (rs)C(s)]sin (sz) ds,

g:i =_ %f: UL, (rs) — sl (1)) C(s) + [(d—4v, +r25%) 1, (rs)
— (32w, )rsly(rs))1D(s)} cos (sz) ds,
2
Dz [ s{L(s)C(s) — [2020(rs) + 1T, (r))D(s)} cos (s2) s,
24y 0
o’ w
5;1 = _fo s{I1 (rs)C(s) + [2(1 —vy )1, (rs)—rsIo(rs)]D(s)} sin (s2) ds, (6)
2

where p ( ) denotes the modified Bessel function of the first kind and of order p > 0.
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3. Formulation of the problem

With reference to the cylindrical coordinate system chosen, the coaxial crack occupies the
region z = 0*, 7 > a and the cylindrical inclusion is described by r = b (b <a), —00 <z < oo, The
loading applied to the crack surface will be axially or rotationally symmetric. If the crack
surfaces are subjected to equal and opposite normal tractions p(r), then the boundary condi-
tions at z = 0 can be written in the following form:

0y,(r, 0) = p(r), g <r< oo, (7)
u(r,0)=0, b<r<a, ®)
o:z(r, 0)=0, b <r<o, 9
02,(r,0)=0, 0<r<b, (10)
ul(r,0)=0, 0<r<b. (1)

Due to the continuity condition at the curved surface r = b, | z | = 0, we find that
uz1 b,2) = u:(b, z),
uy (b,2) =17 (b,2),
0p(b,2) = 07, 2),

oy, (b,2)=0%,(b,2). 12)

4. Reduction of the problem to a Fredholm integral equation of the second kind
We find with the help of the equations (4) and (6) that the boundary conditions (9), (10) and

(11) are identically satisfied and the boundary conditions (7) and (8) lead to the dual integral
equations

f: Fis)Jo(rs)ds + f: s{{A(5)+ 20, Bs)I Ko (rs) ~ rsB(s) K, (rs)} dis

= 20 , a <r<oo, 13)
2u,
fo“’ L re)otrsyas=o0, b<r<a. (14)
N
Let us assume
F(s)= f: h(t)cos (st)dt , (15)
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such that A(ec) = 0. Using (15) we find that equation (14) is satisfied identically whatever be

the form of A(t). We can rewrite equation (13) in the form:

0 rfm F(s)Jls(rs)ds .

> o rf: s{[A () +2v,B(s)]Ko(rs) —rsK, (rs)B(s)} ds

_ —p()r
21y

Now substituting the value of F(s) from equation (15) into (16) we obtain

_ Sa;fj le(—t_):it)—l +rf: s{[A(s)+2v,B(8)1Ko(rs) —rsB(s)K  (rs)} ds
/A
21y

The equation (17) is of Abel type, its solution may be written as

rK o (rs)dr w 2K (rs)dr
o( )I sBsf 1( )
rt—t*)

2 o0
h(t) + ';fo 3[A(S)+2V13(S)]Jj E_——__ t (P —?)i
1 pe ro(r)dr

Tt (P2—f2)t

With the aid of the formulae

=T st
2s b

r rK o (rs)dr
t

)

jw r*Ko(rs)dr #
t(PR-1?)i 2s?

(1 +st)e ™57

we can rewrite the equation (18) in the form:

- gy L[ PO
h@)ﬁ& [A() - (1-2v, +s)B(s)]e tds“‘ﬂﬂlr PR

a2 <t < oo,

From the equations of continuity (12) we find that
) : {[bsI, (b5)D(s) — Lo (bS)C(s)] — [bsK 1 (bs)B(s)—K o (bs)A ()]} sin (s2)ds

- 1
= fo < QWi +s)FE) Jobs)e™ds, 0 <z <

> a<r<00,

3 a<r<°°.

a<t<oo,

(16)

(17)

(18)

(19)

(20)

2D
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f: {CE) (bs) + (41 —vy)I (bs)—bslo(bs))D(s) + K (bs)A(s)
— (4(1—vy)K 1 (bs) + bsKo(bs))B(s)]} cos (sz)ds

1
=J: Ts‘— (2V1—1 +SZ)F(S)Jl(bs)e_szdsa 0<z<e 4 (22)

i [, K1 @9) + bsKoBIAG) ~ [(4(1 vy ) + 25 )Ki (bs)
+(3~2,)bsKo(b)B()} cos(s2)ds +11 [ {11 (bs)~bslo (b5)IC(s)

+ [(4—4v, +b2s?)I, (bs) — (32w, )bsly(bs)]D(s)} cos (sz)ds
J1(bs)
bs

= ~u1bf: ESZ-I)Jo(bs) +(1-2v; —sz) :lF(s)e—" ds,

0<z <o, (23)
S i B)46) 2 (11 K (b5) + BK o (65))B6)} + asiy (b5)CC6)
+2(1 —vy )1 (bs)—bsly(bs)D(s)}]sin (sz) ds
=zy1f: sE(s)J,(bs)e % ds , 0<z< o, (24)
With the help of the Fourier inversion theorem, we find from (21), (22), (23) and (24) that

bsl, (bs)D(s)—Io(bs)C(s) — bsB(s)K 1 (bs) + Ko (bs)A(s)
= ZJ‘” ﬂ‘l(z(l—vl)fl +ufy)Jo(bu)du=X,, 0<s < oo, (25)
mJo u

I, (bs)C(s) + [4(1 —vy) 1 (Bs)—bsly(bs)1D(s) + K, (bs)A(s)

AP K B +bsKoBIBO)= = [ L (=) +ufa ) i Bud s,
=X2’ 0<S<°°, (26)
LK (55) + bSK o (BS)IA )~ (41— +55 K, (bs) +(3~201 YosKo 5s)BS)}

+ t {11 (bs) —bsIo (bs)1C(s) + [(4— 4v, +b?5*)I, (bs) —(3— 2w, )bsI o (bs)] D(s)}

-_2%, br’ (—fs +ufa) Jo(bu)+((1—20,) fs —ufs) 71(bu) F(u)du
7 1 0 3 4 1] 1 3 4 bu

= Xalts , 0<s<ew. (27)
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(144K 1 (55)A4 (5)— (2 (1 =91 )K , (bs) + bsK o (b)) B(5)} + pa {1 (b5) C(5)

+ Q2L )b GNP} = = [ w) ()

_ Xa,
§

, 0<s<o, (28)

where

fi= J.: sin (sz)e 4% dz =

>

s? +u?
£ =f: zsin(sz)e #*dz = Es—z—-zl-i;‘?)? )
fi= f: cos(sz)e “¥dz = 1)
fo= J: z cos(sz)e i dz = [éz—:—s{——;jl . (29)

In the rest of the analysis we shall denote Io(bs)=1,,1,(bs)=1,,Ko(bs) =Ko, K, (bs)=K;.
Now solving the equations (25), (26), (27), and (28) we obtain

1
=— X Iotagli) (@ a6—azas)+ asl Iy +a,l
A (@rte—2a)@nlo tarly) [X1{(a131o +asli) (@186 —a3as )+ asli(arado +aqly)}
+ Xpdaslo(anlo +aqly) +(asly +a1alo)(a1a6—a3a4)}
+ X3{(a1a6—a3a4) (@roly +aislo)—1iag(aslo +aqly)}
a
+ Xad(and, +arelo)(@1a6—asas) + ‘s_6 (loayz +aqd, )1, —bsly)}], (30)
1
B = [(X14a211(@1200 +aq1y)—(a2a4—a1a5) @13l +agly)}
(@286 -azas ) (@lo +aqsly)
+ Xy {aalo(@i2lo +aqly)—(azas—aras)(l1ag +1oa14)}
— X3dasli(as2do +a711) +(aroly +aislo)(@as—a1a5)}
a
— Xai(azas—a1as)(@11]y +agely) — :5’ (y—bslo)(@alo +aql1)}], (31)
1
C= J; [X1(07‘113—031112)+X2(07014—01209)+X3(111507—010012)
187 + loay,
+X4(@,a16—a11412)], 32)
1
D= m [X1(a1s1o +agl )+ X, (Ihas +15a14)+ Xs(ayoly +aislo)
+X4(111111 +a1610)], (33)
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where

a; =b** (1LY +2(1 -3, a; =bsG[Kol, +K, 1],

ay = —G[K1]1(2—2V1 +b2s2)+2(1—vl )bs]oKl +2bs(1-—V1 )KOII +Ko]ob232] s

aq =bsi-I0)+4(1—v) Iy, a5 =a,/(bsG),
ag =— [bs(I, Ky +Kolo) +4(1-v)K 1o ],

sbK (a4 —asa,) + Ko (azas —aga,)

a, =bsl, + s
386 —ad34s
]1(a2SbK1 +a3K°) ]o(Klbsaz +K0a3)
ag = 1+ , ag =
3,85 —a3d 0,85 —a3d;
]l(aGKO +bsa5K1) aGKo +a5bSK1 ]l_bSIO
10 =~ a,a¢ —a3ds ’ fu = $ Q8¢ —d3ds
GK((azaq —a,a G(a,a4 —a,a
1 = 2(1=v) Iy —bsly + ———2"1 o) , Gt —0125) [2(1-»,)K; +bsK,],
386—asas Q246 —a3ds
a3 = lasK 1y + a1, {2(1-v1)K; +bsKo}],
46 —a3ds
G
@y = —— [a310K +a,15{2(1-v1)K, +bsKo}],
Q386 —a3ds
—GI,
ays = ——— [a6K; +as{2(1-v1)K +bsK,}],
A0 —Aads
1 G (I, —bsly)
dig = — 1+ — {aGKl + [2(1—V1)K1 +bSKo]ﬂ5} (34)
d3d¢ —a3ds
and
G=pylu,. (35)
Substituting the values of 4 (s) and B(s) from equations (30) and (31) we can write
AGE)—(1-2v; +st)B($) =X B1(5,8) + XyB,(5,8) + X3Bi(s, 1) + X4 Ba(s, 1), (36)
where
D, = 1 G7
! (206 —a3as) (a1l +aqly) ’
B (s, t) =D,[(a13lo +agly)(@a1a6 —a3a4) + a3l (ar2lo +aql)
+(1-2vy +s){ax I (@aly +aq1y) —(aza4 —ayas) (@3lp +agly)}], (38)
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By (s, t) =Dylaslo(arndy +asl1)+(agly +a14lo) (196 —a3a,)

+ (1=2vy +st){a,lo(aya1o +a,ly)~(ayas —ayas) ([1ag + Ipays)},

B3(s,t) =D,l(aroly +ai1slo)(@1as —asas)~I1as(a 2o +a41y)

— (120 +st)(asl\(aralo +ar11) +(@roly +ay5lo)(a2a4 —a;as))],
a
Ba(s,t) =D, [(anly +aielo) (@106 —a3a4)+ 's'é— (@121o +aq1y) (I, —bslp)

+(1-20; +51) {iss_ Iy —bslo) @aly +aq1y)

— (@284 —aras) (ay, [y +a1610)}].
From equation (25), we find that

= _j —[z(l—ul)fl +ufy1Jo(bu)du .

Making use of (15) and (29) we can write

4(1- o Jo(ub d
X, = ( ﬂvl)sJ: h(t)dtfo o(ub) cos (ut)du

u? +5?

4 w u?Jo(ub)cos (ut)du
s sf h(ryde | 1oy

Making use of the integrals (62), and (62); given in the Appendix, we find from (42) that

X, = [(3=2v,),(bs) + bs, (bs)]f: h(w)e ™" du
—sly (bs)f: uh (u)e "du .
From (26) we find that
%=2" % (@01 —1)f; + ufs 1F) Ty (bu)du .

Making use of (15) and (29) we get

ucos(ut) J, (bu)du

u? +52

X, = % [(2u1—1)J: h(f)dt f:

2

+I: h (t)dtf:u o 2)2 Jy (bu) cos(ut)du].

Using the integrals (62), and (62)s we can write the equation (44) in the form

243

(39)

(40)

(41)

(42)

(43)

(44)
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X; = _{%s_ [To(bs) +1;(bs)]+2v11, (bs)} J:o h(u)e " du
451, (bs) L " uh e du.

From equations (27) and (45), we find that:

) = Jy (bu)
Xy=—~— be (= fa+ufy)Jo(bu)+{(1-2vy) f3 —ufa} F(u)du .
m o bu
Making use of (15), (29) and the integrals (62);, (62), and (62)¢ we find that

X3 =G| h(@)e " [sb {1o(sb) + bsl, (bs)—stlo(bs)}

b
+1,(bs) (st—2vy) — % I (bs)]dt .
From (28) we find the value of X, in the form
2 o
Xy =~ Gf uF () () J, (bu)du .
7 Jo

With the help of (15) and (29) we find that

X, - % o D-: h(o)dt {on wJ (ub) cos (ut)du

0 52 +u?

w us2J, (ub)cos (ut)du }]

0 (2 +u?)?

Making use of integrals (62), and (62)s we find that

X4 = —sG Ell(bs) + _sib_ {Io(bs) +12(bS)Ei

f: h(u)e ™ du + s*GI, (bs)j: uh(u)e ¥ du .

With the help of (43), (45), (47), (50) and (36) we can write equation (20) in the form

1 Jw ro(r)dr

—, a <t < oo,
Tt (P2 —£2)2

h(e)+ [ h@K @, tydu = -
where
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An axisymmetric external crack problem 245
K@, = j: e =SB, (5.1) {((3—2, Y o(bS) + bsl, (bs) —suly (bs))}
+B,(s,8) {— %s_ (Lo (bs)+1,(bs))—2v,1,(bs)+sul(bs)}
+GB;(s, 1) {% (Io(bs) + 2bsI, (bs)—2sulo(bs)) + 1, (bs) (su—2v,)— _Szﬁ L (bs)}
+ GB, (s, 1) {s(su —2)I, (bs) — b—;—z Lo (bs)y+1,(bs)) }1ds . (52)
The equation (51) is a Fredholm integral equation of the second kind with a kernel K(u, t)

defined by equation (52).
If p(r) = —1/r?, then equation (51) can be written in the form

o 1
H(t)+L H@)K(u,t)du = P a <t <oo, (53)

where

2 h(u)=H(u). (54)

5. Expression for the stress-intensity factor
We find from equation (4) that

1
Y44 ’O oo o0
g 2271 ) - _fo F(s)Jo(rs)ds ~f0 5 {Ko(rs)A(s)

+[2v,Ko(rs)—rsK, (rs)] B(s)} ds , 0<r<a, (55)

which may be written in an alternative form:

al, (r,0) =2ﬂl[ ha [ K'(r)dt

(a®—r? )% @ (122 )%

_ J: s{[A(s) + 20, B (s)1 Ko (7s)

—rsK,(rs)B(s)}ds] , 0<r<a, (56)

where the prime denotes differentiation with respect to . The stress-intensity factor at the tip
of the crack is given by the equation

K =lim [VZ(@=r) o}, (r,0)]. 57

r—a

If in equation (57) we use the expression (56) for a,,(r, 0) with the values (30), (31) substi-
tuted for A(s) and B(s) we find that only the first term in (56) makes contributions to the limit
in (57) and that:
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ko Buh@) He)

; : 58)
@ @ (

For an infinite solid with an external circular crack subjected to rotationally symmetric loading
(b = 0) the stress-intensity factor is given by (see Kassir and Sih [2], p. 41):

o0 r)dr
S (59)
naz ¥% (r*-a?)2
Forp(r) = —1/r?, we find that
1
Ke=—. (60)
Now from (58) and (60), we have
K
X =aH(a). (61)

us

0.78 N N 't " . s I
-8

1.2 13 1.4 1.5 1.6 LT 1e 1.9 2.0

Figure 1. Values of K /K ., against a for various values of Gand v, = v, =0.25,b=1.
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6. Numerical results

We have solved the integral equation (53) numerically for H(t) for v, = v, = i, b=1landa=1.2
(0.1) 2.0 for various values of G. These numerical values of H(z) are used to obtain the

numerical values of K/K . In Figure 1 the numerical values of K/K  are displayed graphically
against g for various values of G.

Appendix

We shall list here some of the integrals, which have been used in the body of the paper (see
Erdelyi [5], Vol. 1) for ¢t > b:

o Jo(ub)cos (ut)du
[ DD UM 1y syest,
0 u? +s? 2s

Jm Jo(ub) cos (ur)du - Te ! [Zo(bs) + stIy(bs)—bsI, (bs)],

0 (s +u?)? VTE
= ulJo(ub)cos@ut)du @ _,
fo (s? +u?)? = ¢ Uol®s) +bsly(s)—stlo(b)],
w ucos(ut)J,(bu)du
f b ) =—-7Ie""11(bs),
0 u? +s? 2

f" ucos(ut)J,(bu)du _ me~ [2¢1, (bs)—b{Io(bs) + I, (bs)}],

0 (u? +52)? T 8
" 2 _ 2
fo u ((uu_z-r_si—)E) J, (bu)cos(ut)du = % et [20,(bs) (st — 1) —sb{Io(bs) + 1, (bs)}].

(62)
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